Abstract. Consider a generalized n body Schr odinger operator H with very short range potentials. In this note, we show that the free channel`geometric' scattering matrix, de ned via asymptotic expansions of generalized eigenfunctions of H , coincides with the free channel`analytic' scattering matrix de ned via wave operators. Along the way, we show that the free channel generalized eigenfunctions of Herbst-Skibsted and Jensen-Kitada coincide with the plane waves constructed previously by the author if the potentials are very short range. 
Introduction
Consider the two body potential scattering problem in R N . Here we study the operator P = + V , where V is a real valued function. For convenience, suppose that P is`very short range', that is, V is a Schwartz function. Then it is well known that the scattering matrix can be de ned either via wave operators, or via asymptotic expansions of generalized eigenfunctions.
The`modern' de nition is to rst prove existence of the wave operators = s-lim t! 1 e itP e ?it : (1) These are partial isometries on L 2 (R n ) with range H ac (P ), the continuous spectral subspace of P. Therefore the composite S = ( ? ) +
is a unitary operator on L 2 . It is more convenient to study this in Fourier space, 
with S( ) a unitary operator on L 2 (S n?1 ) for a.e. . We will call the family S( ) the analytic scattering matrix. The de nition via asymptotic expansions of generalized eigenfunctions is based on the fact that for every smooth function, g, on the sphere at in nity, there is a unique generalized eigenfunction of P with energy 2 of the form jzj ? N? 1 2 ? e ?i jzj g(ẑ) + e +i jzj h(ẑ) + O(jzj N+1 2 ); jzj ! 1;ẑ = z=jzj (4) with h smooth and uniquely determined by g. The function g is called the incoming data, and h the outgoing data, of the generalized eigenfunction. The geometric In fact, these two families of operators are not identical; they di er by normalization. This can easily be seen by calculating the scattering matrices for the free Laplacian. Then it is obvious that the analytic scattering matrix is the identity.
On the other hand, the geometric scattering matrix is equal to i ?N+1 R, where R is the antipodal map on S N?1 . Thus, the claim that these two scattering matrices are the`same' should be understood to mean that they di er only by normalization: in other words, thatS ( ) = i ?N+1 RS( ): (5) Since S satis es the reciprocity relation, it does not matter on which side we multiply by R. Now let us turn to generalized n body Schr odinger operators. By de nition, a generalized n body Schr odinger operator is a di erential operator H on R N which takes the form
where the k are projections to a subspace X k of dimension d k , 1 d k N ?1, and V k is a function on X k . In this paper we assume that the`two-body potentials' are of Schwartz class on X k . If this assumption holds we will say that the two-body potentials are`very short range'. The orthogonal complement of X k is denoted X k and called the k-th collision plane. We say that H is a generalized 3 body Schr odinger operator if the X k intersect pairwise only at the origin.
The main example, of course, is the reduced Schr odinger operator for n parti- The main di erence between the 2 body problem and the n body problem is that, in the n body problem, n 3, the total potential V does not decay to zero at in nity. Equation (6) shows that the potential V k is constant along a ne planes parallel to X k . Therefore, if we compactify R N with a N ?1 sphere at in nity, and use 1=jzj as a boundary de ning function then V does not decay at the intersection between the sphere at in nity and the collision planes X k . We will denote this intersection C k and write C = k C k , and call C k the k-th cluster set. With the very short range assumption, notice that V is rapidly decreasing in any open cone in R N disjoint from the collision planes.
For the three body problem, it has been known for some time that the free channel wave operators (1) exist ( 12] , theorem XI.35), so the free channel analytic scattering matrix is well-de ned by (2) and (3). More recently, Vasy 14] and I 4] showed that the geometric scattering matrix exists, by showing that there is a representation (4) for generalized eigenfunctions in a suitable sense: namely, that if g is smooth and is supported away from the cluster sets, then there is a unique eigenfunction with the asymptotics (4) away from the cluster sets with h smooth and uniquely determined on S N?1 n C by g. Thus, the geometric scattering matrix is well-de ned as an operator on S N?1 n C. Naturally one would like to know whether these two operators bear the same relation (5) as they do in the two-body case. In the rest of this paper we prove that this is the case.
The main theorem -3 body case
Let H be a generalized 3 body Schr odinger operator with very short range potentials. In this section we prove Theorem 1. As an operator on C 1 (S N?1 n C), the free channel geometric scattering matrixS( ) is related to the free channel analytic scattering matrix S( )
The proof of this result is in three steps. First, we show that the generalized eigenfunctions of Herbst-Skibsted are the same as the plane waves constructed in 4] when the potentials are very short range. Second, we show that the analytic scattering matrix satis es the usual equation involving the transition matrix ( 12] , page 107). Finally, we show that the geometric scattering matrix also satis es this equation. Herbst and Skibsted show uniform convergence on compact subsets of R N R N z , provided is kept away from the collision planes.
We show that the limit is equal to a constant times the plane wave u !; constructed in 4] (for ! = 2 C). Let 
where (z) is the standard measure on fjzj = rg.
We can compute the integral by introducing a cuto function (ẑ), where is equal to one in a neighbourhood of ! and zero in a neighbourhood of C. Recall from 4] that u !; has a decomposition u !; = e ?i z ! +u 0 !; , where by construction u 0 !; has scattering wavefront set contained in f < ? g for some > 0. Using , we can also write u !; = (ẑ)e ?i z ! + u 00 !; , where u 00 !; enjoys the same property.
Then as satis es (9), we calculate using stationary phase
= 2i
Now we deal with the piece cut o away from !, namely and taking normal derivatives does not increase the scattering wavefront set. Using the wavefront set estimate above on u 00 !; , and (46), we have sc WF(f) f ? < 0g:
Note that the limit (12) exists, and so the limit (15) certainly exists. We wish to show that this limit is zero. We use the pushforward theorem for the scattering wavefront set, which says Proposition 2 (Pushforward Theorem). Let be the projection from B n S k to B n , where B n is the radial compacti cation of R n . Suppose that f is a smooth function on R n S k of polynomial growth, regarded as a function on B n S k . Let (x;ẑ) be coordinates on B n near the boundary and y be local coordinates in S k . Use coordinates (ẑ; y; ; ; ) on the contact manifold T (S n?1 S k ) R, where 2 R, is dual toẑ and is dual to y. Then sc WF( f) f(ẑ; ; ) j 9 (ẑ; y; ; ; 0) 2 sc WF(f)g:
Then the following lemma gives the desired result. Since it is likely to be useful elsewhere in scattering theory, let us give it a name. Lemma 3 (The zero limit lemma). If lim r!1 R jzj=r f exists and if sc WF(f) f 6 = 0g, then the limit is zero.
Proof. This is a simple application of the above proposition with n = 1 and k = N ? 1. The integral over spheres is equivalent to looking at the pushforward from R N to R with mapping z to jzj. Let g(r) be the value of the integral. If the limit as r ! 1 exists and is nonzero, then the Fourier transform of g is singular at zero. This implies, using (45), that (+1; = 0) is contained in the scattering wavefront set of g (here +1 represents the point at the boundary of B 1 representing jzj = 1).
But this contradicts Proposition 2. Therefore the limit must be zero.
Therefore, the integral (12) is equal to 2i a(!). By (10) 
where e( !; ) are the normalized eigenfunctions of Herbst and Skibsted, which they show to form the Schwartz kernel of the free channel distorted Fourier transform.
Step 2. In this step we show that the analytic scattering matrix satis es Theorem XI.42 in 12], p 107 where (x; k) are the plane waves. We need to use step 1, which
shows that the distorted Fourier transforms have kernels given by the plane waves u !; .
De ne the transition matrix by 
Proof. The proof follows that given in Reed and Simon almost exactly. We just need to justify carefully the last step. Since asymptotic completeness holds for the 3 body problem under our conditions 13], the free channel wave operators de ned by (1) 
we would like to deduce that this converges to the desired quantity, (19). This requires justi cation because T(k; k 0 ) is itself a distribution. However using results from 4] on the scattering wavefront set of u k we have good control on the wavefront set of T(k; k 0 ). By 3], the function u k 0 (z) is smooth in k 0 , away from collision planes. Herbst-Skibsted showed that u k 0 (z) is smooth in k 0 for k 0 not in a collision plane, so we may regard T as a distribution in k parametrized by k 0 . Let us x k 0 .
We observe that the the limit (26) exists in D 0 (?), the space of distributions with wavefront set contained in ?, the conormal bundle of the submanifold fjkj = jk 0 jg.
Thus, by 6], theorem 8.2.13, the limit gives (19) provided that WF(T ( ; k 0 )ĝ(k)) is disjoint from ?. Therefore, the next lemma completes the proof.
Lemma 5. Assume that the support off is disjoint from the collision planes. Then the wavefront set of T(k; k 0 )ĝ(k), regarded as a function of k for xed k 0 does not intersect the conormal bundle of fjkj = jk 0 jg.
Proof. Since V i are rapidly decreasing two-body potentials, the scattering wavefront set of V u ?k 0 is contained in the set f(ẑ; ) jẑ 2 Cg:
Therefore, the Fourier transform has wavefront set contained in (see (45)) f(k; ?tẑ) jẑ 2 C; t > 0g:
Thus, if the support of g is disjoint from collision planes, then WF(T (k; k 0 )ĝ(k)) f(k; ?tẑ) j k = 2 C;ẑ 2 Cg: This is disjoint from the conormal bundle of jkj = jk 0 j, as required.
Remark. This lemma shows that the restriction of Tĝ to fjkj = jk 0 jg in (19) is well de ned.
Step We need to investigate the distributional limit of e i r r (N?1)=2 u f; as jzj ! 1.
Thus, we pair with a test function h(ẑ), supported away from the cluster set. We may drop the f for the moment. As in step one, write u !; = (ẑ)e ?i z ! + (1 ? (32) We show below that the rst term has a limit. Therefore, so does the second term. But the integrand of the second term has scattering wavefront set contained in f < 0g, so by the zero limit lemma (Lemma 3), the limit must be zero. Therefore we just need to show that the rst term has the required limit.
Next, I claim that On the other hand, the computation in 4], section 5 to show that the limit (30) exists applies equally well to the radial derivative which brings down a factor of ?i . From these considerations, (33) follows.
We can apply Green's theorem to (33) and we get that the limit (30) is equal to The proof is divided into three steps as in the previous section.
Step 1. The argument of the previous section generalizes provided that we have an estimate on the scattering wavefront set of the plane waves u !; of the form sc WF(u !; ? e ?i z ! ) f < ? g:
(34) This is proved in 5].
Step 2. This step of the proof goes through without change.
Step 3. This step needs to be seriously modi ed, because in the previous section explicit information about 3 body plane waves was used, namely representations as Legendrian conic pairs' which is not known to hold for n-body plane waves. Thus, for the n body case, it is no longer a priori known that the limit (30) exists and it is not obvious that (33) 
for a nite collection of C 1 functions h j having support no larger than that of h. If we can show, for arbitrary h supported away from the collision planes, that the limit of b ? (h; r) exists, then it follows from (38) that the limit of the left hand side of (35) exists and has the same limit. So we will concentrate on analyzing the limit of b ? (h; r) as r ! 1.
Lacking good information about the normal derivative of u !; that 4] provided in the 3 body case, we cannot immediately make the step (33). Instead, we can produce the integral over the sphere in (33) by exploiting the identity 
As above, we can absorb the nite sum 
Since g is rapidly decreasing in a conic neighbourhood of the collision planes and ( ? 2 )g is rapidly decreasing everywhere, the right hand side has a limit as r ! 1. But for c + , we have in addition, by (40) , that c + is the pushforward of a sum of functions r ?j u !; g j;+ each of which has the scattering wavefront bound sc WF(r ?j u !; g j;+ ) f < ? g by (34), (36), and (46). Therefore, by the zero limit lemma, the limit for c + must be zero. Thus we may add the right hand side of (42) 
We want to show that 2i c ? itself, and not just c 0 ? + 2i c ? has the limit e(1).
This cannot be deduced from (43) :
Since e goes to zero at in nity, by assumption, and k is L 1 , this goes to zero as r ! 1, as required.
4. Appendix. The scattering wavefront set Here we collect a few fundamental facts about the scattering wavefront set. For more detail see 9], 11] or 4].
The scattering wavefront set was introduced by Melrose 9] in the context of manifolds with boundary X and`scattering metrics' (a class of complete metrics on X which are asymptotically at at the boundary). In this paper, we only need to consider the case where X is the radial compacti cation of R n which we will identify with B n . The scattering wavefront set incorporates both interior singularities and singularities at the boundary, but as we deal here with functions smooth in the interior, we will only discuss the part of the scattering wavefront set at the boundary (in nity). The scattering wavefront set is de ned in terms of a calculus of pseudodi erential operators, the scattering pseudodi erential operators. On R n , a linear operator A is a scattering pseudodi erential operator if its Schwartz kernel can be expressed as an oscillatory integral A(z; z 0 ) = (2 ) ?n
where a is hzi l h i m times a smooth function b on R n R n . That is, b is smooth in the di erentiable structure on T (R n ) obtained by compactifying both R n z and R n factors into an n-ball B n . Then a is said to be a symbol of order (m; l). This condition can be alternatively expressed by saying that a is a classical symbol in both z and , which the symbol estimates in satis ed uniformly with respect to z and conversely. Scattering pseudodi erential operators extend to well-de ned maps on tempered distributions.
Such operators have a boundary symbol de ned at spatial in nity. If A is a scattering pseudodi erential operator with symbol a of order (m; l), the boundary symbol of A is de ned to be l (A)(ẑ; ) = lim r!1 r ?l a(rẑ; ): This limit exists by our assumptions on a. Thus the boundary symbol is a smooth function on the set K = S n?1 z R n . It is not homogeneous in in general, though it will be symbolic of order m in . If A is of order (m; l) and q 2 K is such that l (A) 6 = 0 then q is said to an elliptic point for A.
If u is a function on R n of polynomial growth, the scattering wavefront set of u is the closed subset sc WF(u) of K whose complement is given by sc WF(u) { = fq 2 K j 9A such that Au is Schwartz and q is elliptic for Ag:
The de nition just given works in the general scattering metric setting, but on R n one can also de ne the scattering wavefront set of u as the complement of the set f(ẑ 0 ; 0 ) j 9C 1 function (x;ẑ) with (0;ẑ 0 ) 6 = 0; c u( ) smooth near = 0 g: (44) There is a duality between the scattering wavefront set for functions on R n and the wavefront set of their Fourier transforms: namely, Proof of the Pushforward theorem. Since we are working with scattering metrics, we may take B n to be isometric to R n with coordinate z 2 R n . We use y for the coordinate on S k ,ẑ for z=jzj 2 S n?1 , and for cotangent coordinates dual toẑ and y, (z; ; ) for coordinates on the scattering contact manifold for B n and (z; y; ; ; ) for the scattering contact manifold for B n S k . Let (ẑ 0 ; 0 ; 0 ) be a point such that there is no y 2 S k with (ẑ 0 ; y; 0 ; 0 ; 0) 2 sc WF(f). We must show that (ẑ 0 ; 0 ; 0 ) = 2 sc WF( f). 
Thus, A( f) 2 _ C 1 (B n ). Since A is elliptic at (ẑ 0 ; 0 ; 0 ) it follows that this point is not in sc WF( f) which is what we wanted to prove.
